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1. Introduction
In this paper, we are concerned with the singular parabolic equation
∂w
∂t
− w = k(x, t) − γ |∇w|
2
w
, w  0, (x, t) ∈ Q T , (1)
w(x, t) = 0, (x, t) ∈ Γ × (0, T ), (2)
w(x,0) = ϕ(x), x ∈ Ω, (3)
where γ > 0, T > 0, Q T = Ω × (0, T ), and Ω ⊂ RN (N  2) is a bounded domain with smooth boundary Γ .
Eq. (1) is related with some other equations. If γ = 1 and v = −lnw (w > 0), then Eq. (1) is transformed into
∂v
∂t
− v + k(x, t)ev = 0.
This model arises in combustion theory [1], differential geometry [2] and other domains [3]. Much attention has been
focused on existence, uniqueness, asymptotic behavior and blow up problems of its solutions, see [4] and [5] for instance.
If γ = qq−1 (q > 1) and v = [(q − 1)w]1/(1−q) (w > 0), then Eq. (1) is transformed into
∂v
∂t
− v + k(x, t)vq = 0.
✩ Supported partially by Natural Science Foundation of Youth (11001177) and Tianyuan (11026156) and startup program of Shenzhen University.
* Corresponding author.
E-mail address: xaleysherry@163.com (L. Xia).0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.09.011
440 L. Xia et al. / J. Math. Anal. Appl. 387 (2012) 439–446This type of equation has rich mathematical structure. Since the pioneering work of Fujita [6] in 1966, it has been studied
in a series of papers along three major lines (see [7,8] and the references therein): (a) the role played by exponents in the
ﬁnite time blowup; (b) the blowup proﬁles; (c) stability of nonnegative steady states, suﬃcient conditions on initial value
for ﬁnite time blowup and decay rates of solutions in time.
If γ = pp+1 (p > 0) and v = ((1+ p)w)1/(1+p) , then Eq. (1) is transformed into
∂v
∂t
− v = k(x, t)v−p .
This type of equation arises in connection with the diffusion equation generated by a polarization phenomena in ionic
conductors and models describing enzymatic kinetics, which has been studied extensively, see [9–11] and the references
therein.
Recently, parabolic equation with dependence on gradient terms has aroused many people’s interests. In [12], Xia and
Yao discussed problem (1)–(3) under the following conditions:
(H) ϕ ∈ C2+α(Ω) (α ∈ (0,1)), ϕ > 0 in Ω , ϕ = 0 on Γ .
(K) 0< k(x, t) ∈ Cα,α/2(Q T ).
By parabolic regularization method and sub-super solution method, they proved the existence and uniqueness of classical
solutions for problem (1)–(3), and discussed the asymptotic behavior of solutions in the sense of L2(0, T ;W 1,20 (Ω)) and
L∞(0, T ; L2(Ω)) norms as γ → 0 or γ → ∞. Zhou and Lei [13] considered a class of one-dimensional heat equations with
a singular term:
wt − wxx = k(x, t) − γ wmw2x , w  0, (x, t) ∈ (a,b) × (0, T ],
w(a, t) = w(b, t) = 0, t ∈ (0, T ], (4)
w(x,0) = ϕ(x), x ∈ (a,b),
where γ > 0, m ∈ (−2,−1]. They obtained the existence of weak solutions and found that the problem may have multiple
weak solutions for some initial data. Note that problem (1)–(3) is high-dimensional problem compared with problem (4) as
m = −1. For more details on parabolic equation with gradient terms, we refer readers to [14–19] and the references therein.
In this paper, we prove the existence of weak solutions for problem (1)–(3) under weaker conditions than (H) and (K)
by parabolic regularization. To do this, we shall ﬁrst regularize the singular term 1w by adding a parameter ε > 0, then ﬁnd
a solution wε for the perturbed problem via the sub-super solution method. By establishing some nontrivial estimates on
perturbed solutions, we can let ε → 0 to obtain a true solution w = limε→0 wε of the original problem. Moreover, we prove
that w is the maximal solution among all weak solutions.
The main result of this paper will be stated and proved in next section.
2. The main result and its proof
First we deﬁne what we mean by a weak solution of problem (1)–(3). Throughout the paper, we use the metric
d((x, t), (y, s)) := (|x − y|2 + |s − t|)1/2 for computation of the Hölder constant. And we denote Q T = Ω × [0, T ], C∞0 (A)
is the space of inﬁnitely differentiable functions with compact support in A.
Deﬁnition 2.1. A nonnegative function w is called a weak solution for problem (1)–(3), if:
(a) w > 0 a.e. in Q T , w ∈ L∞(Q T ) ∩ L2(0, T ;W 1,20 (Ω)) with ∂w∂t ∈ L2(0, T ; L2loc(Ω)).
(b) For any φ ∈ C∞0 (Q T ), there holds∫ ∫
Q T
(
−w ∂φ
∂t
+ ∇w · ∇φ + γ |∇w|2 φ
w
− k(x, t)φ
)
dxdt = 0.
(c) limt→0+
∫
Ω
|w(x, t) − ϕ(x)|dx = 0.
Remark 2.1. For any weak solution w , the integral identity (b) in Deﬁnition 2.1 can be written as∫ ∫
Q T
(
∂w
∂t
φ + ∇w · ∇φ + γ |∇w|2 φ
w
− k(x, t)φ
)
dxdt = 0, (5)
for any φ ∈ C∞0 (Q T ). From the denseness of C∞0 (Q T ) in L2(0, T ;W 1,20 (Ω)), (5) holds for any φ ∈ L∞(Q T ) ∩ L2(0, T ;
W 1,2(Ω)).0
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Theorem 2.1. Suppose k(x, t) and ϕ satisfy the following conditions:
(H1) 0< k(x, t) ∈ Cα,α/2(Q T ).
(H2) ϕ ∈ C1(Ω), ϕ > 0 in Ω , ϕ = 0 on Γ .
Then for any γ > 0, problem (1)–(3) admits a maximal weak solution.
Remark 2.2. We call w the maximal weak solution for problem (1)–(3), if w is a weak solution for problem (1)–(3), and
w  v a.e. in Q T for any weak solution v of problem (1)–(3).
Since Eq. (1) is singular at the points of w(x, t) = 0, we need to regularize it. Precisely, we consider the following
regularized problem:
∂wε
∂t
− wε = k(x, t) − γ |∇wε|
2
wε + ε , wε  0, (x, t) ∈ Q T , (6)
wε(x, t) = 0, (x, t) ∈ Γ × (0, T ], (7)
wε(x,0) = ϕ(x), x ∈ Ω. (8)
For simplicity, we denote Lξ = ∂ξ
∂t − ξ , hε(x, t, ξ, η) = k(x, t) − γ |η|
2
ξ+ε . From these, problem (6)–(8) admits at least a
solution wε ∈ Cα,α/2(Q T ) having bounded derivative ∂wε∂x in Q T and derivatives ∂wε∂t , ∂
2wε
∂x2
that belong to Cβ,β/2(Q T ), see
Theorem 6.2 in [20, p. 457].
At ﬁrst, we shall prove the following lemma.
Lemma 2.1. Let (H1) and (H2) hold. Then problem
∂w
∂t
− w = k(x, t), (x, t) ∈ Q T ,
w(x, t) = 0, (x, t) ∈ Γ × (0, T ), (9)
w(x,0) = ϕ(x), (x, t) ∈ Ω,
has a unique nonnegative classical solution w0 . Moreover w0 > 0 in Ω ′ × [0, T ] for any Ω ′ ⊂ Ω with dist(Ω ′,Γ ) > 0.
Proof. The existence and uniqueness results follow from [20, Theorem 12.2, p. 224]. And from the maximum principle it is
easy to prove that w0  0 in Q T and w0 > 0 in Ω ′ × [0, T ]. 
Next, we shall prove a comparison principle under some strong conditions, which will be used to obtain a sub-solution
and a super-solution.
Lemma 2.2. Let γ > 0. Assume that w1 and w2 are a weak sub-solution and a weak super-solution for problem (6)–(7) respectively.
If w2(x,0) w1(x,0) a.e. in Ω , and w2(x, t) w1(x, t) a.e. on Γ × (0, T ), then w2  w1 a.e. in Q T .
Remark 2.3. We call w a weak sub-solution for problem (6)–(7) if w  0 a.e. in Q T , w ∈ L∞(Q T ) ∩ L2(0, T ;W 1,20 (Ω)) and∫ ∫
Q T
(
∂w
∂t
φ + ∇w · ∇φ + γ |∇w|2 φ
w + ε − k(x, t)φ
)
dxdt  0,
for any 0 φ ∈ L∞(Q T ) ∩ L2(0, T ;W 1,20 (Ω)). Weak super-solution is deﬁned by reversing the above inequality.
Proof. The proof is motivated by that of Theorem 2.3 in Yao and Zhou [21]. First, for any 0 φ ∈ L∞(Qt)∩ L2(0, t;W 1,20 (Ω))
we have∫ ∫
Qt
(
∂w2
∂τ
φ + ∇w2∇φ + γ |∇w2|2 φ
w2 + ε − kφ
)
dxdτ  0,
(10)∫ ∫
Qt
(
∂w1
∂τ
φ + ∇w1∇φ + γ |∇w1|2 φ
w1 + ε − kφ
)
dxdτ  0,
where t ∈ (0, T ), Qt = Ω × (0, t].
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g(s) =
{
ln s, γ = 1,
(1− γ )−1s1−γ , γ 
= 1,
sgnδ(z) = sgn(z) inf
{|z|/δ,1} (δ > 0),
and we denote v1 = w1 + ε, v2 = w2 + ε. Since 0  w1,w2 ∈ L∞(Q T ) ∩ L2(0, T ;W 1,2(Ω)), g(s) is increasing and
w2  w1 a.e. on Γ × (0, T ), we have (g(v1) − g(v2))+ ∈ L∞(Q T ) ∩ L2(0, T ;W 1,20 (Ω)). Hence sgnδ((g(v1) − g(v2))+) ∈
L∞(Q T ) ∩ L2(0, T ;W 1,20 (Ω)). This and v1, v2  ε > 0 a.e. in Q T imply φvi = v−γi sgnδ((g(v1) − g(v2))+) ∈ L∞(Q T ) ∩
L2(0, T ;W 1,20 (Ω)), i = 1,2. So φv2 and φv1 can be chosen in (10) as test functions, namely,∫ ∫
Qt
[
∂v2
∂τ
v−γ2 sgnδ
((
g(v1) − g(v2)
)
+
)− kv−γ2 sgnδ((g(v1) − g(v2))+)
+ v−γ2 ∇v2∇
(
g(v1) − g(v2)
)
+ · sgn′δ
((
g(v1) − g(v2)
)
+
)]
dxdτ  0,
∫ ∫
Qt
[
∂v1
∂τ
v−γ1 sgnδ
((
g(v1) − g(v2)
)
+
)− kv−γ1 sgnδ((g(v1) − g(v2))+)
+ v−γ1 ∇v1∇
(
g(v1) − g(v2)
)
+ · sgn′δ
((
g(v1) − g(v2)
)
+
)]
dxdτ  0,
which lead to∫ ∫
Qt
[(
g(v1) − g(v2)
)
τ
sgnδ
((
g(v1) − g(v2)
)
+
)
+ ∇(g(v1) − g(v2))∇(g(v1) − g(v2))+ · sgn′δ((g(v1) − g(v2))+)
+ k(x, τ )( f (v1) − f (v2)) sgnδ((g(v1) − g(v2))+)]dxdτ  0, (11)
where f : (0,∞) →R is deﬁned by f (s) = −s−γ .
It is easy to see that∫ ∫
Qt
(∇g(v1) − ∇g(v2)) · ∇(g(v1) − g(v2))+ sgn′δ((g(v1) − g(v2))+)dxdτ  0.
Passing to limits as δ → 0, from the inequality above and (11) we have∫ ∫
Qt
(
g(v1) − g(v2)
)
τ
sgn
((
g(v1) − g(v2)
)
+
)
dxdτ
+
∫ ∫
Qt
k(x, τ )
(
f (v1) − f (v2)
)
sgn
((
g(v1) − g(v2)
)
+
)
dxdτ  0.
Since sgn((g(v1) − g(v2))+) = sgn(( f (v1) − f (v2))+) and k(x, τ ) > 0 in Q T , there holds∫ ∫
Qt
k(x, τ )
(
f (v1) − f (v2)
)
sgn
((
g(v1) − g(v2)
)
+
)
dxdτ  0.
Hence∫ ∫
Qt
(
g(v1) − g(v2)
)
τ
sgn
((
g(v1) − g(v2)
)
+
)
dxdτ  0.
From w1(x,0) w2(x,0) a.e. in Ω , it follows that∫
Ω
(
g(v1) − g(v2)
)
+ dx 0,
which implies (g(v1) − g(v2))+(x, t) = 0 a.e. in Q T , i.e., v1  v2 a.e. in Q T . This completes the proof of Lemma 2.2. 
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Lemma 2.3. Let w = C0w20 , w = w0 , where w0 is deﬁned as in Lemma 2.1, C0 > 0 is some constant to be determined. Then wε
satisﬁes
C0w
2
0  wε  w0, a.e. in Q T .
Proof. From Lemma 2.2, it suﬃces to prove
Lw  hε(x, t,w,∇w), Lw  hε(x, t,w,∇w),
and w(x,0) wε(x,0) w(x,0) a.e. in Ω .
It follows easily from Lemma 2.1 and γ > 0 that w is a weak super-solution for problem (6)–(7).
Simple calculations show that
Lw − hε(x, t,w,∇w) = 2C0
[
w0
(
∂w0
∂t
− w0
)
+
(
2γ
C0w20
C0w20 + ε
− 1
)
|∇w0|2
]
− k(x, t)
 2C0w0 · k(x, t) + 4C0γ |∇w0|2 − k(x, t).
Choosing
C0 = min
{
min
Q T
k(x, t)/max
Q T
[
2w0 · k(x, t) + 4γ |∇w0|2
]
,
[
max
Ω
ϕ(x)
]−1
,
1
2
}
,
we see that w is a weak sub-solution for problem (6)–(7), and w(x,0) w(x,0) w(x,0) in Ω . Hence,
C0w
2
0  wε  w0 a.e. in Q T .  (12)
The following lemma presents a basic estimate on the gradient of wε .
Lemma 2.4. For all ε ∈ (0,1), t ∈ (0, T ), there holds∫ ∫
Qt
|∇wε|2 dxdt + 1
2
∫
Ω
w2ε dx C,
where Qt = Ω × (0, t], C is a positive constant independent of ε.
Proof. We ﬁrstly consider the following equality∫ ∫
Qt
(
Lwε − hε(x, t,wε,∇wε)
)
wε dxdτ = 0,
which implies
1/2
∫ ∫
Qt
∂w2ε
∂τ
dxdτ +
∫ ∫
Qt
|∇wε|2 dxdτ = −γ
∫ ∫
Qt
wε
wε + ε |∇wε|
2 dxdτ +
∫ ∫
Qt
k(x, τ )wε dxdτ .
From (12), γ > 0 and the equality above, we have
1/2
∫
Ω
w2ε dx+
∫ ∫
Qt
|∇wε|2 dxdτ 
∫ ∫
Q T
k(x, t)w0 dxdt + 1/2
∫
Ω
ϕ2(x)dx C,
where C is independent of ε. Hence the proof of this lemma is complete. 
The following lemma is crucial to our proof, which gives a local estimate of ∂wε
∂t .
Lemma 2.5. For all ξ ∈ C∞0 (Ω), ε ∈ (0,1) and any t ∈ (0, T ), there holds∫ ∫
Qt
ξ2
(
∂wε
∂τ
)2
(wε + ε)−2γ dxdτ +
∫
Ω
ξ2w−2γε |∇wε|2 dx C,
where Qt = Ω × (0, t], C is a positive constant independent of ε.
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vε =
{
(wε+ε)1−γ
1−γ , γ 
= 1,
ln(wε + ε), γ = 1,
then Eq. (6) can be rewritten as
Łvε = ∂vε
∂t
− vε − k(x, t)
(wε + ε)γ = 0.
Firstly we consider the equality∫ ∫
Qt
Łvε
(
∂vε
∂τ
ξ2
)
dxdτ = 0,
which derives from Hölder’s inequality and Young’s inequality that∫ ∫
Qt
∣∣∣∣∂vε∂τ
∣∣∣∣
2
ξ2 dxdτ + 1/2
∫ ∫
Qt
ξ2
∂
∂τ
|∇vε|2 dxdτ
=
∫ ∫
Qt
k
∂vε
∂τ
ξ2(wε + ε)−γ dxdτ − 2
∫ ∫
Qt
∂vε
∂τ
ξ∇vε∇ξ dxdτ
 1/2
∫ ∫
Qt
∣∣∣∣∂vε∂τ
∣∣∣∣
2
ξ2 dxdτ + C
∫ ∫
Qt
k2ξ2(wε + ε)−2γ dxdτ + C
∫ ∫
Qt
|∇wε|2|∇ξ |2(wε + ε)−2γ dxdτ .
From Lemma 2.4 and (12), we obtain that for any t ∈ (0, T )∫ ∫
Qt
∣∣∣∣∂vε∂τ
∣∣∣∣
2
ξ2 dxdτ +
∫
Ω
ξ2|∇vε|2 dx

∫
Ω
ξ2ϕ−2γ |∇ϕ|2 dx+ C
∫ ∫
Q T
k2ξ2(wε + ε)−2γ dxdτ + C
∫ ∫
Q T
|∇wε|2|∇ξ |2(wε + ε)−2γ dxdt
 C1 + C2
(∫ ∫
Q T
k2 dxdt +
∫ ∫
Q T
|∇wε|2 dxdt
)
 C,
where C is independent of ε and dependent of maxQ T (ξ
2w−4γ0 ), maxQ T (|∇ξ |2w
−4γ
0 ) and maxΩ(ξ
2ϕ−2γ |∇ϕ|2), which
exist since ξ ∈ C∞0 (Ω), w0 > 0 in supp ξ × [0, T ] and ϕ > 0 in supp ξ . Hence Lemma 2.5 is proved. 
From Lemmas 2.4–2.5 and (12), there exist a subsequence of {wε} (still denoted as {wε}) and a function w ∈
L2(0, T ;W 1,20 (Ω)) ∩ L∞(Q T ) with ∂w∂t ∈ L2(0, T ; L2loc(Ω)) such that
wε → w a.e. in Q T , (13)
∇wε ⇀ ∇w weakly in L2(Q T ), (14)
∂wε
∂t
⇀
∂w
∂t
weakly in L2
(
0, T ; L2loc(Ω)
)
, (15)
as ε → 0.
Next we shall prove w to be a weak solution for problem (1)–(3). To do this, we need to prove the following lemmas.
Lemma 2.6. Let γ > 0, ε2 > ε1 > 0. Assume wε1 and wε2 are solutions of problem (6)–(8)with ε = ε1 and ε = ε2 respectively. Then
wε2  wε1  w a.e. in Q T , for any ε2 > ε1 > 0.
Proof. It is easy to see that∫ ∫
Qt
(
∂wε2
∂τ
φ + ∇wε2∇φ + γ |∇wε2 |2
φ
wε2 + ε2
− kφ
)
dxdτ = 0,
∫ ∫ (
∂wε1
∂τ
φ + ∇wε1∇φ + γ |∇wε1 |2
φ
wε1 + ε2
− kφ
)
dxdτ  0,Qt
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wε2 (x, t) wε1 (x, t) a.e. on Γ × (0, T ). By similar proof of Lemma 2.2, we can easily get wε2  wε1 a.e. in Q T . Moreover,
wε2  wε1  w a.e. in Q T .
Lemma 2.7. For any ξ(x) ∈ C∞0 (Ω), as ε → 0 there holds∫ ∫
Q T
ξ
∣∣|∇wε|2 − |∇w|2∣∣dxdt → 0.
Proof. Consider the equality∫ ∫
Q T
(
Lwε − hε(x, t,wε,∇wε)
)
(wε − w)ξ2 dxdt = 0,
which yields that∫ ∫
Q T
(
∂wε
∂t
ξ2(wε − w) + 2ξ(wε − w)∇wε · ∇ξ + γ ξ2 |∇wε|
2
(wε + ε) (wε − w)
− k(x, t)(wε − w)ξ2 + ξ2∇wε · ∇(wε − w)
)
dxdt = 0. (16)
From Lemma 2.5, (12), (13) and Hölder’s inequality we have∫ ∫
Q T
ξ2
∂wε
∂t
(wε − w)dxdt 
(∫ ∫
Q T
(
∂wε
∂t
)2
ξ2 dxdt
)1/2(∫ ∫
Q T
ξ2(wε − w)2 dxdt
)1/2
→ 0, as ε → 0. (17)
From Lemma 2.4 and (13), it follows that
2
∫ ∫
Q T
ξ(wε − w)∇wε · ∇ξ dxdt  2
(∫ ∫
Q T
|∇wε|2 dxdt
)1/2(∫ ∫
Q T
ξ2|∇ξ |2(wε − w)2 dxdt
)1/2
→ 0, (18)
and ∫ ∫
Q T
k(x, t)ξ2(wε − w)dxdt → 0, (19)
as ε → 0.
From γ > 0, (16)–(19) and wε  w , which derives from Lemma 2.6, we obtain
limsup
ε→0
∫ ∫
Q T
ξ2∇wε · ∇(wε − w)dxdt = 0.
From which and (14), it follows that
limsup
ε→0
∫ ∫
Q T
ξ2|∇wε − ∇w|2 dxdt
= limsup
ε→0
(∫ ∫
Q T
ξ2∇wε · ∇(wε − w)dxdt −
∫ ∫
Q T
ξ2∇w · ∇(wε − w)dxdt
)
= 0.
This and Lemma 2.4 implies that∫ ∫
Q T
ξ
∣∣|∇wε|2 − |∇w|2∣∣dxdt 
∫ ∫
Q T
(|∇wε| + |∇w|)|∇wε − ∇w|ξ dxdt

(∫ ∫
Q T
(|∇wε| + |∇w|)2 dxdt
)1/2(∫ ∫
Q T
ξ2|∇wε − ∇w|2 dxdt
)1/2
→ 0 (ε → 0).
Hence the proof of Lemma 2.7 is complete. 
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Q T
(
∂w
∂t
φ + ∇w · ∇φ + γ |∇w|2 φ
w
− k(x, t)φ
)
dxdt = 0,
for any φ ∈ C∞0 (Q T ). Since C0w20  w  w0 a.e. in Q T , we have limx→Γ w(x, t) = 0 (t ∈ (0, T )) and limx→Γ w(x, t) = 0 as
t → 0+ . Hence we may deﬁne w|Γ ×[0,T ) = 0.
From Lemma 2.5 and (12), we have
∫
Ω ′
T∫
0
(
∂wε
∂t
)2
dxdt  C,
for any Ω ′ ⊂ Ω with dist(Ω ′,Γ ) > 0, where C is independent of ε. This yields that∫
Ω ′
∣∣wε(x, t) − ϕ(x)∣∣dx Ct1/2.
Letting ε → 0 and t → 0+ , we have∫
Ω ′
∣∣w(x, t) − ϕ(x)∣∣dx → 0. (20)
Since w|Γ ×(0,T ) = 0, w(x,0) = 0 (x ∈ Γ ), we derive from (20) that∫
Ω
∣∣w(x, t) − ϕ(x)∣∣dx = ∫
Ω ′
∣∣w(x, t) − ϕ(x)∣∣dx+ ∫
Ω\Ω ′
∣∣w(x, t) − ϕ(x)∣∣dx → 0 (t → 0+),
for some Ω ′ with dist(Ω ′,Γ ) suﬃciently small. Hence Deﬁnition 2.1 is satisﬁed.
It remains to show that w is the maximal solution for problem (1)–(3). Let v be any weak solution for problem (1)–(3).
Then v is also a weak sub-solution for problem (6)–(7). By Lemma 2.2, we have wε  v a.e. in Q T . Letting ε → 0 yields
w  v a.e. in Q T . Hence the proof of Theorem 2.1 is complete. 
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